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In the present paper, we find explicit solutions to the embedding 
problems given by 2G -O G N Gal(L 1 K), where G is a subgroup of the 
symmetric group S,, 2G is the preimage of G in either of the two double 
covers of S, reducing to the non-trivial double cover 2A, of the alternating 
group A,, and K is a field of characteristic different from 2. 
We make use of the results obtained in [ 1 ] for G a subgroup of A,,. 
1. THE EMBEDDING PROBLEM 
K will denote a field of characteristic different from 2, K an algebraic 
separable closure of K, and G, the absolute Galois group of K. 
Let E 1 K be a separable xtension of K of degree n. Let e: GK + S, be the 
morphism given by the action of G, on the set of K-embeddings of E into 
1% Its image G is isomorphic to Gal(L 1 K), for L the Galois closure of E 
in K. 
We denote by 2 + S, (resp. 2 - S,) the double cover of S, reducing to the 
non-trivial double cover 2A, of A, and in which the preimage of a trans- 
position of S, is an element of order 2 (resp. 4). Let us denote by 3,: and 
s; the corresponding elements in H’(S,, C,) and by 2+G and 2-G the 
preimages of a subgroup G of S, in 2 +S, and 2 -S,, respectively. 
We consider the embedding problems 
GK GK 
‘I el 
l+C,+2+G+ G +l; ldC,-+2 G-t G +l. 
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The obstructions to the existence of solutions are given by 
e*s,f = w(QE) 0 (2, dE) 
e*s; =w(Q,)O(-2, dE) in ff2(GK, C2), 
for d, the discriminant of El K, w(QJ the Hasse-Witt invariant of the 
trace form QE of El K (cf. [2, 31). 
For each of these embedding problems, Vila obtains realisations of S, 
over Q such that the obstruction is trivial, for infinitely many values of 12 
(cf. C31). 
The solutions are of the form L((ry)‘j2), for r running over K*/K*2 and 
y in L* such that L(r’12) is a particular solution. 
2. EXPLICIT CONSTRUCTION OF THE SOLUTIONS 
We will reach the explicit formula giving the solutions to the embedding 
problem by reducing to the 2A, case. For this purpose, we will introduce 
a new quadratic space E’. 
Let e,: G, -+ S2 z C2 be the morphism obtained from the action of G, 
on the set of K-embeddings of K((dE)“‘) into K. The composition 
e-1 G,- e@e2 S,XS,~S”,, 
takes Gal(L 1 K) into A,, + 2 and we may view G as a subgroup of A, + 2. The 
preimage of G in 2A,+, is then 2-G. 
We introduce now the new form QE- = QE@Q2 on the space 
E- = E@K((d,)“‘), where Q2 is the trace form of K((dE)lj2)I K, i.e., 
Q2 = (2,2d,). 
For (u,, u2, . . . . u,) a K-basis of E and {sl, s2, . . . . s,} the set of 
K-embeddings of E into i?, the matrix of Gl(n, L), 
M= (24;) 1 < i, j < n, 
satisfies 
We form now the matrix of Gf(n + 2, L): 
M-= [ M 0 1 0 N’ where N= 1 (dd”’ 1 -(d#’ 1 
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It satisfies 
(M-)‘M- = (QE-). 
Moreover, QE- is the twisting of the standard quadratic form in n + 2 
variables by the cocycle 
and we have d,- = 1 and w(QEm) = w(QE) @ ( - 2, dE). 
Let us take now the morphism e6: G, + S6 defined by e6 = e2 0 e, 0 e, 
and the composition 
e+: G,- e@e6 SnXS64Snf6. 
The morphism ei takes Gal(L 1 K) into A,, + 6 and, viewing G as a subgroup 
of An+e its preimage in 2A,+ 6 is 2 +G. 
Let us introduce QE+ = Q,@ Q6 where Q6 = Q, 0 Q, 0 Q2 and form the 
matrix of Gl(n + 6, L): MOO0 
ON00 M+= 0 0 N 0 ’ [ 1 OOON 
We have now 
(M+lTM+ =(QE+), 
the quadratic form QE+ is the twisting of the standard quadratic form in 
n + 6 variables by the cocycle given by e+, and we have d,+ = 1 and 
w(QE+) = w(Qd 0 (2, dE). 
We now denote by E’ the quadratic space Ep or Ei and by M’ 
the matrix M- or M+, depending on whether we are dealing with the 
embedding problem given by 2 -G or 2 + G. 
The solvability of the considered embedding problem is equivalent to 
w(QE9) = 1 and we can apply the results obtained in [ 11. We get then an 
element y in L* providing the set of solutions to the considered embedding 
problem as a coordinate of the spin norm of an element z in CL+(QEz)* (cf. 
[ 1, Theorem 31). 
Let us examine now under which conditions this element y can be 
written in terms of matrices. 
Suppose first that K is the field Q of rational numbers and define integers 
rI, r2 by the usual relation E@ I&! 2 FP x C’*. The signature of QE is 
(rl + r2, r2). 
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In the 2-G case, let us introduce the form Qq in n + 2 variables with f 1 
coefficients having the same signature as QEm, i.e., 
Qq= -Z,OZn+z-y with q=r, for d,>O 
q-r,+ 1 for d,<O. 
As in [2, 3.4 Proposition 31, we get: 
PROPOSITION 1. The two following conditions are equivalent: 
(a) e*s; =O, 
(b) q = 0 (mod 4) and QE- meD Qy. 
In the 2 + G case, we take Qq in n + 6 variables defined by 
Qq= -ZqOZ,,+6-y with q=r, for d,>O 
q=r,+3 for d,<O. 
We obtain then: 
PROPOSITION 2. The two following conditions are equivalent: 
(4 e*s+ =0 
(b) q=a (mod 4) and QE+ mQ Qy. 
We now turn back to the general hypothesis that K is any field of 
characteristic different from 2. Let us denote by n’ the number n + 2 in the 
2 -G case and n + 6 in the 2 +G case, and assume QES is K-isomorphic to 
a form Q, in n’ variables with qz0 (mod 4). 
We then reach the following result: 
THEOREM 3. Let P be a matrix in Gl(n’, K) such that 
)P= (Q,, PT(QE, 
and J the matrix defined by 
J= 
0 
0 
0 
z . n'-y 1 
An element y in L* providing a solution to the embedding problem 
2G --+ G 2: Gal(L ) K) is then given by 
y = c ( - 1 )6(c) det C, 
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where C ranges over a set of squared submatrices of M’P + J. The shape of 
the matrices C belonging to this set and the value of S(C) are those specified 
in [l, Theorem 51. 
The matrix P can be chosen so that this element y is non-zero (cf. [ 1 ] ). 
Remark. In the particular case when QE, is K-equivalent to the 
standard quadratic form in n’ variables, we have 
y = det(M’P + I). 
3. AN ALTERNATIVE METHOD OF RESOLUTION IN THE CASE 2+S, 
We consider again the embedding problem 
and assume it solvable, i.e., w(QE) = (2, dE). 
Let us suppose now that K is CI. We compare then QE with the quadratic 
form in n variables Q: defined by 
Q: = -Z,OZ,-z-,0 (2,2d,), where q=rZ if d,>O 
q=r,- 1 if d,<O. 
The discriminant of Q: is (- 1)” d, and its Hasse-Witt invariant is 
w(Q;)=(-1, -1)Y’Y~‘)‘2@(-1,dJ’~(2,dE). 
Again, the R-equivalence of these two forms implies their Q-equivalence 
and therefore we get: 
PROPOSITION 4. The two following conditions are equivalent: 
(a) e*s+ =0 
(b) q=L (mbd4) and QE-” Q:. 
Turning back to any field K of characteristic different from 2, we assume 
now that QE is K-equivalent to a form Q: with q 3 0 (mod 4). Besides the 
case K= Q, this condition is fulfilled over any K for n = 4 or 5 [2, 3.21. 
Let P, be a matrix in Gl(n, K) such that 
P;(QdPo = (Q: 1 
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and R the matrix in Gl(n, K((dE)“‘)) defined by 
Let P = P,R and A4 be the matrix in Gl(n, L) introduced in the preceding 
section. Let 
0 0 
J= 0 I”+, ’ [ 1 
We obtain then the following result: 
THEOREM 5. An element y in L* providing a solution to the embedding 
problem 2 +S,, + S, 2: Gal(L 1 K) is given by 
y = c ( - 1 )acc) det C, 
where C ranges over a set of squared submatrices of A4P + J. The shape of 
the matrices C belonging to this set and the value of 6(C) are those specified 
in [ 1, Theorem 51, as for Theorem 3. Again, it is possible to choose a matrix 
P such that the element y is non-zero. 
Proof: The matrix P belongs to Gl(n, K((d,)“‘)) and satisfies 
PT(QdP= [ -2 I.“,l. 
The element y defined in the theorem provides then a solution to the 
embedding problem 
2A, + A,, ‘v Gal(L/ K((dE)‘12)) 
(cf. [l, Theorem 51). Let us see now that L((y)“*)l K is a solution to the 
embedding problem 
2+S,+S,-Gal(LIK). 
Each element of S, acts on the matrix M by exchanging its rows, and 
each element of S, - A, exchanges the two last columns of P. In particular, 
the transposition t = (n - 1, n) leaves then y unchanged. 
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If s belongs to A,, we have y’\ = hf y, for an element h, in L* (cf. [ 11); 
if s belongs to S, - A,, we have s = s,t, for an s,, in A,,, and so 11” =hf,,~. 
Therefore L( (y)“‘) 1 K is a Galois extension. 
The morphism between the Galois groups 
Gal(L((y)‘“‘) 1 K) + Gal(L 1 K) N S,, 
provides a double cover of S, containing 2A,. If a is a preimage of t in 
Gal( L( (y)“‘) 1 K), we have 
(i, L)2 = t2 = 1 and ((y)“‘)‘= f (y)“2, 
so 2 is an element of order 2. 
We have therefore Gal(L((r)“‘) I K) 2: 2+S,. 1 
Remark 1. In the case q = 0, we have 
y = det( MP + I). 
EXAMPLE. The computation of this example is due to J. C. Lario. Let 
E= Q(x,), where x1 is a root of the polynomial 
f(X)=X4-xX- 1. 
We have Gal(L I Q) ‘v S,, for L the Galois closure of E in Q and 
d, = - 283. We can take 
I 
p 
t!i 0 629112 - 10583112 
-4 1405916 23650916 
0 
= 
0 -a 10609/4 - 178471/4 
0 0 -4194 70554 
and y= -6det(MP+I) (with P=P,R). Then, if x,, x2, x3, x4 are the 
four roots of the polynomial f, the element y can be given in terms of x, 
and x2: 
y=37746x~x~+75492x~x2+37746x~x~-25164x~+2442Ox~x2 
+51O72x,x~+972Ox~+18873x,x2+82327x,+11661x2+75474. 
The norm of the element y is 
N,,o(y)=11297309688142254576007426294941742832 
and, in fact, L(y”*)) Q ramifies only at the prime 283. 
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Remark 2. Theorem 5 applies also to a subgroup G of S,, containing at 
least one transposition. 
Note that, in comparison with Theorem 3, we have not only a smaller 
matrix but also, if d,< 0, a smaller number of summands in the formula 
giving y (cf. [ 1, Remark following Theorem 51). 
Remark 3. For 2 -S,,, with n 3 6, we obtain a similar result to 
Theorem 5 by using the form Q; defined by 
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